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ABSTRACT: Acid—base properties of branched, weak polyelectrolytes are analyzed theoretically by means
of Ising models with short-range interactions. Assuming that the structure of the branched polyelectrolyte
can be approximated by the topology of a tree (no closed loops), the Ising model with nearest neighbor
pair interactions can be solved with exact recursion relations. We demonstrate that the branching
structure has important implications for the protonation behavior of weak polyelectrolytes. For instance,
the protonation a dendritic and a comblike polyelectrolyte proceed rather differently. Within this
framework, the titration behavior of branched poly(ethylene imine) can be explained quantitatively.

1. Introduction

Poly(ethylene imine) is not only important in various
industrial applications, it also provides an excellent
example for a typical but poorly understood feature of
weak polyelectrolytes: the proton binding characteris-
tics of linear and branched polyelectrolytes differ
substantially.=® For instance, linear poly(ethylene
imine) is fully protonated below pH 2, while branched
poly(ethylene imine) still carries a substantial fraction
of deprotonated amine groups at this pH. The reason
for this different behavior is certainly related to the
different structure of both polyelectrolytes: While linear
poly(ethylene imine) with —CH,CH,NH— as the repeat-
ing unit contains almost only secondary amine groups
with a coordination number of 2 (and just two primary
amines as terminal groups), branched poly(ethylene
imine) contains, in addition to the secondary groups,
significant fractions of primary terminal groups and
tertiary amine groups on the branch points so that the
ionizable groups have coordination numbers one, two,
and three. In both cases, the ionizable groups are
chemically very similar and are expected to have
comparable microscopic affinities for protons. However,
in linear and branched polyelectrolytes, the mutual
arrangement of the ionizable groups is very different.
As we shall argue below, these different arrangements
represent the fundamental reason for the distinct
ionization properties of linear and branched polyelec-
trolytes.

The appropriate framework to discuss such phenom-
ena is the Ising model.6719 This model can be used to
describe ionization of any polyprotic system; thereby one
assigns a two-valued state variable to each ionizable site
and expresses the (free) energy of a given protonation
state in terms of contributions of individual sites
(microscopic pK values) and site interaction energies,
where repulsive nearest neighbor pair interactions
represent the dominant contributions. This energy is
used to weigh the individual configurations in the
evaluation of the statistical averages from which the
thermodynamic quantities of interest follow. From this
framework not only does one recover the classical
description of successive ionization equilibria,* but also
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one can also successfully explain the typical two-step
ionization process of linear weak polyelectrolytes.6-10
This characteristic ionization pattern is a consequence
of the nearest neighbor pair interactions acting between
charged sites along the polymer chain; these repulsive
interactions stabilize an intermediate protonation state
of alternating protonated and deprotonated groups. This
stable state leads to an intermediate plateau in the
titration curve and, thus, to two apparent protonation
steps. The separation of these protonation steps (on the
pH axis) is roughly twice as large as the separation of
the two protonation steps of the corresponding diprotic
molecular analog; the latter separation is related to the
difference of the classical macroscopic pK values of the
diprotic molecule. In the language of the Ising model,
this separation of the protonation steps is related to the
nearest neighbor pair interaction energy. In the case
of linear polyelectrolytes, where each group has two
nearest neighbors, two interaction energies must be
overcome. The separation for the linear polyelectrolyte
is therefore twice as large as the separation for the
diprotic molecule where each ionizable group has only
one nearest neighbor. For linear poly(ethylene imine)
the splitting is roughly 4 on the pH scale while in the
case ethylenediamine (en) the splitting is about 2. This
splitting is related to the pair interaction energy of two
amines separated by an ethylene chain; we represent
this interaction energy in terms of a dimensionless
interaction parameter ¢ = 2 which is chosen to cor-
respond directly to the pH scale (see below).

The interactions between the individual sites act
mainly along the polymer chain, while the interactions
between sites that are situated on different parts of the
chain are much weaker. This type of interaction results
from a strong Coulomb repulsion within the polymer
backbone of low dielectric constant, but it is screened
off very effectively by the electrolyte solution. This
observation leads us to the following approximation,
which is also applicable for the branched case. We shall
only consider interactions between two and three neigh-
boring sites that are directly connected by the polymer
chain. Interactions between all other sites will be
neglected: in particular interactions between sites
which are located on different branches of the chain.

From these considerations it follows that the differ-
ence in connectivities between linear and branched
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Table 1. Experimental Macroscopic pK, Values for
Tris(2-aminoethyl)amine and Calculations Based on the

Ising Model
no. of bound PKn
protons n simple model2  realistic model®  exptl values®
1 10.60 10.24 10.14
2 9.88 9.49 9.68
3 9.52 8.74 8.74
4 4.00 0.69 <3

a Microscopic pK for all groups and nearest neighbor pair
interaction e = 2 only. ® The microscopic pK values of the primary
and tertiary amines are 9.64 and 7.50, respectively. The interac-
tion parameters are for nearest neighbor pairs ¢ = 1.85, nearest
neighbor triplets 4 = 0.42, and for next nearest neighbor pairs
across a tertiary group ¢ = 0.27. The latter parameter is derived
by fitting this data set. ¢ Experimental values at an ionic strength
of 0.5 M from ref 12.

structures is indeed the most likely reason for their
different acid—base behavior. A tertiary amine group
has three nearest neighbors, and if these neighboring
groups are protonated, this group can only be protonated
if three pair interactions are overcome. This conjecture
readily explains why the full protonation of tris(2-
aminoethyl)amine (tren) is so difficult (see Table 1). In
this molecule, all three primary amine groups protonate
around pH 10. The protonation of the central tertiary
amine group must be accomplished when all three
neighboring amine groups are protonated, which re-
quires the compensation of three pair interactions with
€ = 2. From the Ising model one thus estimates the
last pK to be around 4, which is in the same range as
the experimental value.l? From this perspective, it is
clear that the protonation of branched poly(ethylene
imine) must be more difficult than that of the linear
analog. For the branched polyelectrolyte, we expect the
stabilization of an intermediate state, where all primary
and secondary groups are protonated but the tertiary
groups will remain deprotonated. The protonation of
these tertiary groups is more difficult since three pair
interactions must be overcome—an essential difference
to the linear case where at most two pair interactions
become operational.

This qualitative picture was already anticipated 2
decades ago.® However, a quantitative analysis of this
problem is presently lacking. To tackle this problem
on the basis of the Ising models represents the major
aim of this paper. We show how to analyze ionization
properties of branched weak polyelectrolytes within this
framework quantitatively. As an approximation, we
assume that closed loops can be neglected in branched
polyelectrolytes and model their topology by trees. Ising
models on trees can be solved by means of exact
recursion relations.13-15 Such results provide general
insight into the ionization behavior of various types of
branched polyelectrolytes with dendritic,'617 comblike,
or randomly branched structures.1=> In this paper we
shall quantitatively explain the titration curve of
branched poly(ethylene imine); the protonation of poly-
(propylene imine) denrimers can be rationalized using
the same model as will be discussed elsewhere.8

2. Fundamentals

Ising Model of Proton Binding. In this section we
shall briefly summarize how the ionization properties
of polyprotic acids and bases can be approached with
an Ising model.5~10 This model introduces a set of state
variables s, sy, ..., Sy Where s; = 0 if site i is deproto-
nated and s; = 1 if this site is protonated and N is the
total number of ionizable sites.
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Free Energy. The free energy of a given protonation
state of the molecule is expanded in terms of many-body
contributions

I (511 ) SN)
1 1
E. wis; + _!Eu Ejjsis; + _!IzL LijSisisk + - Q)

where u; are chemical potentials while E;; and L are
the pair and triplet interaction energies, respectively.
The chemical potential terms are related to the pH value
of the solution by

Bu;/In 10 = pK; — pH 2

where 1/8 = kT is the thermal energy and pK; are the
microscopic pK values of site i given that all other
groups are deprotonated. The elements of the sym-
metrical pair interaction Ej matrix will be assumed to
be equal to E for the nearest neighbor interactions and
to vanish elsewhere. As appropriate for proton binding
we consider repulsive (antiferromagnetic) interactions
only (E > 0). To characterize the strength of the
interactions we shall also employ the abbreviations

€; = PEjj/ In 10 (3)
for the pair interactions and
Aij = BLjd In 10 (4)

for triplet interactions. The latter parameter, as well
as higher order interaction parameters, will be usually
set to zero in the present context.

Titration Curve. Thermal expectation values can
be evaluated from the grand partition function

== Z g PF (15n) (5)

which contains all information of interest. The classical
description of polyprotic acids and bases is recovered
by considering the fugacity expansion?®

== VYK, (6)

n=

where Ko = 1 and z is the activity of the protons in mol/L
(PH = —logio z). Realizing that the coefficients K,
entering eq 6 are just the formation constants of the
protonation step n, the familiar macroscopic pK values
of successive protonation steps of a polyprotic base
follow from pK, = log(Kn/Kn-1) for n =1, ..., N. The
acid—base titration curve, which is given by the average
degree of protonation 6, is given by

_z9dInkE

0 N oz ()

If eq 6 is inserted into eq 7, the familiar expression for
the titration curve of a polyprotic acid or base is
recovered.10

Ising Model on Trees. While the grand partition
function can be evaluated for infinite linear chains
exactly®~® analytical results for other infinite lattices
are scarce.’® The alternative to obtain approximate
results with Monte Carlo techniques?! is, even with the
powerful computers available today, rather time con-
suming. However, if we focus on nearest neighbor pair
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Figure 1. lllustration of the recursion relations of the Ising
trees. (a) Attaching one site to an arbitrary tree T, leads to a
new tree T with its root at the newly attached site (cf. eq 10).

(b) Joining two trees T; and T, together leads to a new tree T
with its root at the newly attached site (cf. eq 13).

interactions and treelike structures, we shall demon-
strate that one can obtain numerically exact results for
rather large systems (N = 10*—107). As we shall now
demonstrate, these tasks can be achieved by using
simple recursion relations. The reader may consider
skipping the following mathematical developments and
proceed directly to Section 3. We also refer to the
Appendix for a summary of graph theoretical terminol-
ogy which will be used in the remaining part of this
section.

Linear Chain. Let us recall the action of the
transfer matrix for a linear chain in a slightly more
general fashion than discussed in textbooks.132! First,
we define the restricted partition function of a rooted
tree T. This is the partition function of the tree with a
fixed (restricted) value of the state variable s, at the root
of the tree, which is labeled by an index r (see Figure
1). The restricted partition function has two values and
can be written as

E(s) = Z g PF (u-5n) 6s,sr (8)

where s = 0,1 and Jgy is unity for s = s’ and zero for s
#= s'. Note that if Z(s) is given, one also knows the
partition function E of the entire tree, since

== ZE(s) )

Suppose for the moment that the restricted partition
function =;(s) of the rooted tree T; is known. We now
add a new site to the root of the tree T; and obtain a
new rooted tree T whereby the newly added site is taken
to be the root of the new tree (see Figure 1). The
restricted partition function Z(s) of this new tree T can
now be obtained by a linear transformation of the
restricted partition function =;(s) of the old tree T;. The
appropriate recursion relation reads!321

2(s) = tSZuSS’El(s') (10)

where t = e is the fugacity of the newly added site and
u = e PE parametrizes the nearest neighbor interaction
energy E of the newly added bond. Equation 10 is
commonly interpreted as a transformation by a 2 x 2
transfer matrix, whose elements are given by t5us®. One
possible way to solve the linear chain Ising model is to
find the larger eigenvalue of this transfer matrix13.21

7 =(1+tu)2+[t+ (1 — tu)’/4]? (11)

which can be shown to determine the partition function
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of an infinitely long chain (N — ). In this limit the
partition function is given by = ~ N, Inserting this
relation into eq 7, we obtain the titration curve of a
linear polyelectrolyte with nearest neighbor pair inter-
actions’8

0=[2+ @A -t)/@L—-—u+yu)]" (12

General Trees. We are now in position to construct
the general recursion relations to evaluate the partition
function of arbitrary trees. Suppose that restricted
partitions functions =;(s) and Zx(s) are known for two
arbitrary rooted trees T; and T,. If we connect each root
of these two trees T; and T, to a new site, we obtain a
new rooted tree T whereby the new site is taken to be
the root of the new tree (see Figure 1). The restricted
partition function of this new tree Z(s) follows from the
recursion relation

Z(s) = tSZ us U™, (s")E,(s") (13)
S ,S'

where all variables were already defined in eq 10. We
can now generalize eqs 10 and 13, and present a relation
for joining | rooted trees together, each described by a
restricted partition function =Z(s) (k = 1, ..., I). The
restricted partition function of the resulting tree is given
by

rl“ss(k)ik(s(k’) (14)

s, s k=

Recursive application of eq 14 leads to exact partition
functions for arbitrary trees. While the recursion result
can be evaluated analytically in special situations only,
exact results for arbitrary (and very large) trees can be
obtained numerically.

Numerical Implementation. To carry out such
calculations we introduce the variable a = E(1)/Z(0)
which obeys the recursion relation (cf. eq 14)

. 1+ uay as)
a= S
I:' 1+ a,

As above, we employ the notation that subscripted
qguantities refer to rooted trees prior to the iteration
while quantities without a subscript refer to quantities
after iteration. From eq 9 the partition function follows:

==(1+a)[]= (16)
k

The recursion relation, which determines the average
degree of protonation, can be obtained by applying eq 7
toeq 16. Let us introduce the average number of bound
protons v = N@ for which the following recursion
relation applies

+ )y a7)

where b = (t/a)(da/at) obeys

(u—Dab,
b

=1+ Z (18)
(1+ua)l+a)

The recursion procedure is initiated simultaneously for
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Figure 2. Calculated titration curves for dendrimers with
increasing number of sites with a schematic representation
of the corresponding structures. The average degree of proto-
nation 6 is shown as a function of pH for generations k =0, 1,
and 2 with the corresponding number of sites being N = 3(2k+1)
— 2 (N =4, 10, 22). On the scale of the graph, the N — o limit
is approximately reached for k = 6 (N = 190); the curve
presented corresponds to k = 13 (N = 49150).

each site on the outermost shell of the tree. In the next
step one proceeds to the lower shell by evaluating all
quantities of interest for all rooted subtrees. The
process is continued until one reaches the lowest shell
(i.e., the root of the original tree). The iteration process
is readily programmed on a computer and results in a
very efficient algorithm. One can easily obtain numeri-
cally exact results for trees with 105—108 sites. Already
much smaller systems can be used as excellent ap-
proximations of the large system limit (N — ).

3. Applications

In the following, we shall discuss titration curves
which were calculated on the basis of Ising models for
branched, treelike structures. First we shall investigate
illustrative situations based on a idealized model where
all ionizable sites have the equal microscopic pK values
and interact by nearest neighbor pair interactions only.
Later we shall address the titration curve of branched
poly(ethylene imine) where different microscopic pK
values of primary, secondary, and tertiary amines as
well as various types of short range interactions are
considered.

Model Systems. Focus first on the illustrative
situation where all ionizable sites have the same
microscopic value pK = 10 and nearest neighbor pair
interactions only, which will be characterized with the
parameter ¢ = 2. This model mimics poly(ethylene
imine) in a semiquantitative fashion; more realistic
models for these systems will be discussed further
below. First we shall discuss regular structures; later
random branched polyelectrolytes will be introduced.

Dendritic Polyelectrolytes. Consider first a den-
drimer!® which is also called a star(burst) polymer!” or
a Cayley tree.l® The corresponding titration curves,
which were calculated from of the exact recursion
procedure described above, are shown in Figure 2 for
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Figure 3. Calculated titration curves for comblike polyelec-
trolytes with increasing number of sites with a schematic
representation of the corresponding structures. The average
degree of protonation 6 as a function of pH is given for an
isolated site (N = 1) and for comblike polymers with linear
chains of k triply coordinated sites, k =1, 3, 5, 7, and 11, with
corresponding total number of sites being N = 2k + 2 (N =4,
8, 12, 16, 24). On the scale of the graph, the N — o limit is
approximately reached for k = 100 (N = 202) and the curve
presented corresponds to k = 1001 (N = 2004).

increasing denrimer size. One observes that the titra-
tion curves converge rather rapidly to the large system
limit (N — «). Runnels'# asserts that for ¢ > 1 no
second-order phase transition (order—disorder transi-
tion) on such a Cayley tree is to be expected; this
assertion is likely to be correct for any € = 0.

The first generation dendrimer is actually a simple
model for tris(2-aminoethyl)amine. From the corre-
sponding Ising model and eq 6, four macroscopic pK
values can be calculated. These values are given in
Table 1 (simple model). Around pH 10, all three singly
coordinated terminal groups protonate (pH = pK); the
splitting of the macroscopic pK values originates from
entropy effects. The central triply coordinated group
protonates at pH 4 since three pair interactions with a
parameter ¢ = 2 must be overcome (pH = pK — 3¢). This
splitting in the protonation of the terminal and central
groups leads to the intermediate plateau at 6 = 3/,.

The titration curve of the infinitely large dendrimer
(N — o) can be understood in similar terms. At pH 10
only two-thirds of the sites protonate (pH = pK) while
the remaining one-third of the sites protonate at much
lower pH values (pH = pK — 3¢). This protonation
behavior originates from the “onion” shell structure of
the dendrimer. At high pH the outermost sites in the
first shell will protonate. Because of repulsive pair
interactions, the second layer remains inert but the
third layer can again protonate without involving any
pair interactions. In the intermediate pH region every
second shell of the dendrimer is protonated, which
corresponds to two-thirds of all sites. Further proto-
nation of the remaining shells happens around pH 4 as
three pair interactions must be overcome.

Comblike Polyelectrolyte. With the dendrimer we
have realized the most compact structure of the poly-
mer; the least compact structure is the comblike poly-
mer (a precise definition of the “compactness” is given
in the Appendix). The titration curves of the comblike
polyelectrolytes of different lengths are given in Figure
3. We note that the titration curves of the dendritic and
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Figure 4. Calculated titration curves for comblike polyelec-
trolytes whose bonds have been replaced by linear chains of
m doubly coordinated sites in the large system limit. Schematic
representation of the corresponding structures, which contain
singly, doubly and triply coordinated sites with a ratio of 1:2m:
1. For m — o one approaches the linear chain with pair
interactions (cf. eq 12). Results for a comblike polyelectrolyte
with k = 1000 are shown.

the comblike polylectrolyte are substantially different,
eventhough both structures contain singly and triply
coordinated groups only.

The titration curve of the infinitely large comblike
polymer is again easily rationalized. Half of the sites
on the comb can be occupied without invoking any
nearest neighbor pair interactions (e.g., all singly
coordinated groups). This process gives rise to the first
protonation step around pH 10 (pH = pK). Protonation
of an additional one-fourth of the sites can be achieved
by invoking one pair interaction parameter which leads
to the second step around pH 8 (pH = pK — ¢). This
process results into an energetically stable state where
all singly coordinated groups and every second triply
coordinated groups is protonated. This state gives rise
to the intermediate plateau at 3/,. Additional protona-
tion requires three pair interactions to be overcome
which happens at pH 4 (pH = pK — 3¢). As we shall
see, this generic behavior will be relevant in other
situations as well.

Regular Structures Involving Secondary Groups.
Up to now, our examples did involve only sites with
coordination numbers one (terminals) or three (branch
points). Consider now the modifications introduced by
the presence of doubly coordinated sites. The first
example of such a structure will be generated from the
comblike chain where we replace all bonds in the
original comb with chains of m doubly coordinated sites.
In the large system limit, the ratio of singly, doubly and
triply coordinated sites is simply given by 1:2m:1 (see
Appendix). Clearly, for m = 0 the previously discussed
case of a comblike polymer will be recovered, while as
the chains connecting the branch points become very
long (M — ), the number of singly and triply coordi-
nated sites becomes negligible, and the titration curve
approaches the titration curve of a linear polyelectrolyte
with nearest-neighbor interactions (cf. eq 12).

The transition between these two extremes is il-
lustrated in Figure 4 where we display titration curves
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for comblike polymers in the large system limit where
the original sites are jointed together with linear chains
that consist of m doubly coordinated sites. As m
increases, one recognizes a gradual transition from the
titration curve of the original comblike polymer without
doubly coordinated sites to the titration curve of a linear
chain. We can observe that the titration curves for m
= 0 and m = 1 are very similar. The reason for this
behavior is interesting. Consider the situation for m =
1. Decreasing pH, we can first protonate half of the
sites without invoking any pair interactions (e.g., by
protonating all singly and half of the doubly coordinated
sites). This process gives rise to the protonation step
at pH 10 (pH = pK). At pH 8 we can protonate an
additional one-fourth of the sites, since we have to
overcome one pair interaction (pH = pK — ¢€). After this
process is completed, the system attains a low-energy
state where all singly and doubly coordinated sites are
protonated and all triply coordinated sites are depro-
tonated. The protonation of the remaining one-fourth
of all sites, which are all triply coordinated, happens
around pH 4 since three pair interactions must be
overcome (pH = pK — 3¢). Note that this is a very
similar protonation scenario to the one that we have
encountered for the original comblike polymer (m = 0).
Consequently, the titration curves are rather similar in
both cases (m = 0 and m = 1).

Remember that for polyelectrolytes without doubly
coordinated groups (m = 0), the titration curves are
substantially different for a dendrimer and for a comb-
like polymer; they depend quite sensitively on the
compactness of the polymer. However, this dependence
is almost completely lost as soon as at least one doubly
coordinated groups is introduced between the sites of
the original comblike polymer. For m > 1 the titration
curves for a dendrimer and comblike polymer are
virtually identical. Thus if doubly coordinated groups
are present in the regular polyelectrolytes, the compact-
ness of the polymer becomes an irrelevant variable. We
shall see that a similar statement applies to randomly
branched polyelectrolytes.

Randomly Branched Polyelectrolytes. As the
final model example, let us discuss a branched poly-
electrolyte with a random structure. Let us first use
the (regular) dendrimer as the underlying structure and
replace the bonds by chains of doubly coordinated sites.
The random structure is generated by assuming that
the length of these chains m is a random variable with
a Poisson distribution with mean m. As before, the ratio
of singly, doubly, and triply coordinated sites is simply
given by 1:2m:1 in the large system limit. Even though
there will be many realizations of such random poly-
mers, for a sufficiently large system, all individual
realizations of the random polymer will lead to the same
statistical average—a feature which is commonly re-
ferred to as the self-averaging property.1®

In Figure 5 we show illustrative results in this large
system limit. The randomness has washed out the
structures observed in the regular systems and a rather
generic titration curve is obtained. This titration curve
has a rather weak dependence on the average chain
length m. Again, a scenario very similar to that
discussed previously applies. Decreasing the pH, it is
possible first to protonate half of the groups by avoiding
all pair interactions. This processes happens around
pH 10 and thereby all singly coordinated groups, but
also some doubly or triply coordinated groups, are
protonated. The remaining groups protonate continu-
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Figure 5. Calculated titration curves for random polyelec-
trolytes in the large system limit. The polymer is generated
by replacing all bonds in a dendrimer by a chain of doubly
coordinated sites of random lengths distributed according to
a Poisson distribution with an average m. For the values m =
0.5, 1.0, and 2.0 used here, the corresponding ratios of primary,
secondary and tertiary groups are 1:1:1, 1:2:1, and 1:4:1 (1:
2m:1). Results for a dendrimer of generation k = 10 are shown
with total number of sites N ~ (1-4) x 10%

ously as pH decreases from 10 to 4. At first, the doubly
coordinated groups protonate and finally the triply
coordinated groups. The gradual protonation results
from three overlaying protonation steps whereby, one,
two, and three interactions must be overcome succes-
sively.

Further calculations show that as soon as the random
polyelectrolyte contains a sufficient number of doubly
coordinated sites, the compactness of the polymer has
a very small influence on the titration curve. Ap-
proximately for m > 0.5, the resulting titration curves
are virtually identical for polyelectrolytes of either a
compact structure (dendrimer) or a loose structure
(treelike polymer). Since these two extreme cases of
large and small compactness behave identically, all
structures of intermediate compactness will behave in
the same way. This observation particularly applies to
polyelectrolytes where also the branching process is
random in itself (see Appendix), However, the compact-
ness of the polyelectrolyte becomes a relevant variable
for small values of m. In this situation, the titration
curves are determined by a smooth crossover between
both limiting cases (dendritic and comblike structures).
This finding generalizes our observations for regular
polyelectrolytes.

Branched Poly(ethylene imine). Various authors
have investigated acid—base properties of branched
poly(ethylene imine).1=> The titration curves resemble
our results presented in Figure 5. About half of the sites
are protonated in a rather narrow region around pH 10,
while the remaining sites protonate continuously over
a wide pH range. At pH 2 there is still a substantial
fraction of the sites that remain to be protonated.

For a quantitative comparison, let us consider the
experimental titration data of branched poly(ethylene
imine) in 0.5 M NacCl by Balif et al.> Their data are
reproduced here in Figure 6 with a minor modification
for pH above 11. (Above this pH, the degree of proto-
nation was reported to be slightly negative; these
negative values were replaced by zero.) This polyelec-
trolyte has a molecular weight 10° to 3 x 108 (N ~ 104,
practically the large system limit) and is suspected to
have a ratio of primary, secondary, and tertiary groups
of 1:2:1. This ratio corresponds to an average chain
length of doubly coordinated sites m = 1. Viscosity
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Figure 6. Experimental and calculated titration data of
branched(polyethylene imine). Data points are experimental
data in 0.5 mol/L NaCl by Balif et al.® Two kinds of calculations
have been performed. The microscopic pK values of the
primary, secondary and tertiary amines are 9.64, 8.59, and
7.50, respectively. The interaction parameters are ¢ = 1.85 for
nearest neighbor pairs, A = 0.42 for nearest neighbor triplets,
and €' = 0.27 for next nearest neighbor pairs across a tertiary
groups. The more realistic model includes all these interac-
tions; the simpler model neglects all but nearest neighbor pair
interactions (1 = ¢ = 0). All parameters were determined
independently; no parameter adjustment has been made. The
structure is approximated by a random polymer as in Figure
5.

measurements indicate a rather compact structure of
the polyelectrolyte.3

Our interpretation is based on the available Ising
model of linear poly(ethylene imine) and the corre-
sponding oligomers.&1011 Since we refer to the titration
curve at an ionic strength of 0.5 M, a common parameter
set at this ionic strength is rederived from available data
for linear amines using the same methods as described
previously.1* We obtain for the microscopic pK values
for the primary and secondary amine groups 9.64 and
8.59. Nearest neighbor pair and triplet interaction
parameters have the values of ¢ = 1.85 and 1 = 0.42,
respectively.

This information determines most of the parameters
needed for the application of the Ising model to branched
poly(ethylene imine). The remaining parameters were
established as follows. For the tertiary amine group
microscopic pK values in the range of 6—8 were sug-
gested.320 Here we employ a value of 7.50; a similar
value was also proposed previously.® This value derives
from a group additivity relationship.2’ The microscopic
pK value of an amine group decreases by about one for
every neighboring (deprotonated) amine attached to a
p-carbon. The pK value of ethylamine of 10.66 at an
ionic strength of 0.5 mol/L also fits into this scheme.'?
From pK values of tris(2-aminoethyl)amine given in
Table 1 we estimate an interaction parameter ¢ = 0.27
for next nearest neighbor pair interactions which act
across tertiary groups. The structure of branched poly-
(ethylene imine) was modeled by a dendrimer whose
bonds were replaced by linear chains of secondary amine
groups with random lengths distributed according to a
Poisson distribution.

In Figure 6 we compare the experimental data with
the prediction of the Ising model for such a branched
polyelectrolyte. In the first, more realistic calculation
we include all relevant interactions, namely nearest
neighbor interactions for pairs and triplets as well as
next nearest neighbor pair interactions. In the second,
simplified calculation we only include the nearest
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neighbor pair interactions. In the first case, the titra-
tion curve was obtained by performing a Monte Carlo
simulation,?* while in the second case the exact recur-
sion relations were applied. (Naturally, we have veri-
fied that the Monte Carlo technique yields the same
results in the latter case.)

In light of the fact that no parameter adjustment has
been made, the agreement with the more realistic model
is certainly satisfactory. Next nearest neighbor pair
interactions and the nearest neighbor triplet interac-
tions are essential to obtain quantitative agreement
with experiment. The overall features of the titration
curve are reflected semiquantitatively in the simpler
model with nearest neighbor pair interactions only.

The remaining discrepancy could be due to the neglect
of additional pair or triplet interactions, which we could
not estimate from existing data on small molecules, due
to the existence of closed loops or due to inaccuracies
in the experimental data. By performing further cal-
culations, we have verified that the compactness of the
polymer, the length distribution of the secondary amine
chains and its average, and the precise pK value of the
tertiary amine group have little influence on the result-
ing titration curves.

4. Conclusion

The protonation behavior of branched polyelectrolytes
can be rationalized by analyzing Ising models with
short-range repulsive interactions. This situation is
much more complex than for linear polyelectrolytes. The
main difference in the protonation of the linear and
branched polyelectrolytes is introduced by the triply
coordinated sites in the branched structure. Given that
the neighboring sites of a triply coordinated groups are
already protonated, three pair interactions must be
overcome, and this site will protonate at much lower
pH values only. Even on the simplest nearest neighbor
pair interaction level, various possible structures of
branched polyelectrolytes necessarily lead to a wide
spectrum of acid—base properties for this class of
compounds and many types of titration curves follow.
This richness is in marked contrast to the situation for
linear polyelectrolytes. In the case of nearest neighbor
pair interactions, only a single generic titration curve
for a linear polyelectrolytes emerges.

For branched polyelectrolytes we have identified at
least two fundamentally distinct protonation patterns:
(i) The system protonates half of the sites at high pH.
The remaining sites are protonated either in distinct
steps or almost continuously over a wide pH range—triply
coordinated sites protonate last. Examples of this
protonation scheme include randomly branched poly-
electrolytes with a substantial fraction of doubly coor-
dinated sites or the comblike polyelectrolyte. The
primary example for this protonation behavior is
branched poly(ethylene imine). (ii) A rather different
protonation pattern is revealed by dendrimers, which
have a compact structure and consist of singly and triply
coordinated sites only. The protonation of such com-
pounds follows its “onion” shell structure whereby the
odd shells, which comprise two-thirds of all ionizable
sites, protonate at high pH while the even shells, which
represent the remaining third, protonate at much lower
pH. This protonation pattern is observed experimen-
tally for poly(propylene imine) dendrimers.18
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Appendix

Here we summarize the essential aspects of graph
theory, which are needed for our developments (for
details see refs 22 and 23). A tree is a connected graph
without cycles (closed loops). The total number of bonds
(edges) in a tree is N — 1 where N denotes the total
number of sites (vertices). If we consider a maximum
coordination number (valency) of three, the difference
between the numbers of singly and triply coordinated
sites is always two. These simple facts have a few
consequences in the limit of large number of sites N —
c. The fraction of sites with coordination numbers one
(terminals) and three (branch points) is the same.
Denoting this fraction by x (0 < x < 1/,) the fraction of
doubly coordinated sites is given by 1 — 2x. The average
chain length of consecutive doubly coordinated sites is
m = 1/(2x) — 1. The average coordination number of
all sites is two.

A rooted tree is a tree where one site is labeled (root
vertex; see Figure 1). Sites lie on the same shell (or
level) of a rooted tree if the root can be reached by
passing the same number of sites. The backbone of a
tree is obtained by deleting all dangling ends of the
original tree.

The skeleton contains all information about the topol-
ogy of a tree and is obtained by deleting all but the triply
coordinated sites of the original tree and replacing the
original connections with simple bonds. The skeleton
of a comblike polymer is a linear chain, while for the
dendrimer the skeleton is a (smaller) dendrimer. Thus
the fraction of triply coordinated sites y on the skeleton
(0 = y = 1/,) represents an important characteristics of
the topological structure of a given polymer, which we
refer to as compactness. The most compact structure
corresponds to a dendrimer (y = /,) while the least
compact structure is realized in the comblike polymer
(y = 0).

A given tree can be defined in a unique fashion with
a set of integers (molecular code). For our purposes we
use a very simple code. If the sites of the associated
skeleton are labeled with index i, the code consists
of a vector ¢ whose elements c; are equal to the index of
the site at the lower shell which is connected to site i.
For the root r we choose ¢, = 0. Sites can always be
labeled such that ci+1>ci and ¢c; = 0 and ¢, = 1. For
a dendrimer the vector c¢ consist of a sequence of
pairs of equal numbers (0,1,1,1,2,2,3,3,4,4,...) while for
a comblike structure every number occurs only once
(0,1,1,2,3,4,5,6,...). Each pair of equal numbers repre-
sents one triply coordinated site. A randomly branched
polymer is generated by taking a random sequence of
pairs and individual numbers. The original polymer is
recovered by adding as many singly coordinates sites
such that all sites of the skeleton have the coordination
number three and then completing the appropriate
number of doubly coordinated sites in between these
sites.
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